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ON NON-ELLIPTICALLY SYMPLECTIC MANIFOLDS∗
SHOUWEN FANG AND HONGYU WANG†
Dedicated to Professor Shing-Tung Yau on the occasion of his 70th birthday
Abstract. Let M be a closed symplectic manifold of dimension 2n
with non-ellipticity. We can define an almost Ka¨hler structure on M
by using the given symplectic form. Using Darboux coordinate charts,
we deform the given almost Ka¨hler structure on the universal covering
of M to obtain a Lipschitz Ka¨hler structure on the universal covering
of M which is homotopy equivalent to the given almost Ka¨hler struc-
ture. Analogous to Teleman’s L2-Hodge decomposition on PL manifolds
or Lipschitz Riemannian manifolds, we give a L2-Hodge decomposition
theorem on the universal covering of M with respect to the Lipschitz
Ka¨hler metric. Using an argument of Gromov, we give a vanishing theo-
rem for L2 harmonic p-forms, p 6= n (resp. a non-vanishing theorem for
L2 harmonic n-forms) on the universal covering of M , then its signed
Euler characteristic satisfies (−1)nχ(M) ≥ 0 (resp. (−1)nχ(M) > 0).
As an application, we show that the Chern-Hopf conjecture holds true
in closed even dimensional Riemannian manifolds with nonpositive cur-
vature (resp. strictly negative curvature), it gives a positive answer to
a Yau’s problem due to S. S. Chern and H. Hopf.
1. Introduction
In Ka¨hler geometry, M. Gromov [34] considered Ka¨hler hyperbolicity; N.
Hitchin [37], J. Jost and K. Zuo [38], J. Cao and F. Xavier [9], B. L. Chen
and X. K. Yang [17] considered Ka¨hler parabolicity. Similarly, Tan, Wang
and Zhou [54] consider symplectic parabolicity whose underlying manifolds
satisfy hard Lefshetz condition.
Let (M,ω) be a closed symplectic manifold. Let J be an ω-compatible
almost complex structure, i.e., J2 = −id, ω(J ·, J ·) = ω(·, ·), and g(·, ·) =
ω(·, J ·) is a Riemannian metric onM . The triple (ω, J, g) is called an almost
Ka¨hler structure on M . Notice that any one of the pairs (ω, J), (J, g) or
(g, ω) determines the other two. An almost-Ka¨hler metric (ω, J, g) is Ka¨hler
if and only if J is integrable. We have the following definition (cf. Cao-
Xavier [9], Jost-Zuo [38] or Tan-Wang-Zhou [54]):
Definition 1.1. (1) A closed almost Ka¨hler manifold (M,ω, J, g) is called
symplectically hyperbolic if the lifting ω˜ of ω to the universal covering (M˜ , ω˜, J˜ , g˜)
is d(bounded), that is, ω˜ = dβ, where ‖β‖L∞ = supx∈M˜ |β(x)|g˜ < +∞.
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(2) A closed almost Ka¨hler manifold (M,ω, J, g) is called symplectically
parabolic if the lifting ω˜ of ω to the universal covering (M˜ , ω˜, J˜ , g˜) is d
(sublinear), that is, ω˜ = dβ, where |β(x)|g˜ ≤ C(ρ˜(x0, x) + 1), C > 0 is
a constant, ρ˜(x0, x) is the distance function on M˜ relative to a base point
x0 ∈ M˜ , with respect to the metric g˜.
Example 1.2. • IfM2n is homotopy equivalent to a closed Riemann-
ian manifold with negative sectional curvature and having convex
boundary (if any), then M2n is Ka¨hler (symplectically) hyperbolic
provided it admits some Ka¨hler (symplectic) structure [34].
• If M2n is a closed Ka¨hler (symplectic) manifold such that π1(M2n)
is word-hyperbolic in the sense of Gromov [33] and π2(M
2n) = 0,
then M2n is Ka¨hler (symplectically) hyperbolic.
• Let M2n be a closed Riemannian manifold with Anosov geodesic
flow. If M2n is homotopy equivalent to a closed Ka¨hler (symplectic)
manifold, then M2n is Ka¨hler (symplectically) hyperbolic [18].
• LetM2n be a closed Riemannian manifold of non-positive curvature.
If M2n is homeomorphic to a Ka¨hler (symplectic) manifold, then
M2n is Ka¨hler (symplectically) parabolic [9, 38].
• The nilmanifolds in[60, Chapter 2], are aspherical and symplectically
parabolic with no hard Lefschetz property.
• A closed Ka¨hler manifold (M2n, ω) with π1(M) being CAT(0) or
automatic, then M2n is Ka¨hler parabolic [17].
It is clear that for any non-elliptically symplectic manifold M , (that
is, symplectically hyperbolic or parabolic), the fundamental group of M ,
π1(M), is infinite.
The space of spherical classes [32], Π(M) ⊂ H2(M ;Z), is defined by the
image of the Hurewicz homomorphism H : π2(M) → H2(M ;Z). Note that
if f : S2 → M , then there is induced f∗ : H2(S2) → H2(M ;Z). Thus
we have f∗([S2]) ∈ H2(M ;Z), where [S2] is the fundamental class of S2.
This determines a natural transformation H : π2(M)→ H2(M ;Z), given by
[f ] 7→ f∗([S2]).
Definition 1.3. (R. Gompf [30]) A closed symplectic manifold (M,ω) is
called symplectically aspherical if ω vanishes on all spherical classes.
Recall the definition of aspherical manifolds (cf. [22, 41]):
Definition 1.4. A manifold is called aspherical if it is connected, and its
universal covering is contractible.
Remark 1.5. (1) R. Gompf [30] pointed out that symplectically aspherical
manifolds may not be aspherical.
(2) M. W. Davis [22] used the fundamental group at infinity to get the
following results:
In each dimension n ≥ 4, there are closed, aspherical manifolds Mn with
universal covering M˜n not homeomorphic to the Euclidean space Rn.
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Conjecture 1.6 (Chern-Hopf conjecture, cf. [19] or [22, 41, 64]). If M2n
is an aspherical closed manifold of dimension 2n, then
(−1)nχ(M2n) ≥ 0.
If M2n is a closed Riemannian manifold with sectional curvature sec(M),
then
(−1)nχ(M2n) > 0 (or < 0), if sec(M2n) < 0 (or > 0);
(−1)nχ(M2n) ≥ 0 (or ≤ 0), if sec(M2n) ≤ 0 (or ≥ 0);
(−1)nχ(M2n) = 0, if sec(M2n) ≡ 0.
In original version of the Chern-Hopf conjecture the statement for as-
pherical manifolds did not appear. Notice that any Riemannian manifold
with nonpositive sectional curvature is aspherical by Cartan-Hadamard the-
orem (cf. [4, 11]). The Chern-Hopf conjecture holds true in two dimensions
by the Gauss-Bonnet formula immediately. In four dimensions, one can
still check that positive (resp. negative) sectional curvature implies that
the Gauss-Bonnet-Chern integrand is pointwise positive (by Milnor [43] or
Chern [19]). However, in higher dimensions, it is known that the sign of
the sectional curvature does not determine the sign of the Gauss-Bonnet-
Chern integrand, see Geroch [29]. M. Gromov gave a positive answer to the
Chern-Hopf conjecture when the metric is Ka¨hler [34]. R. Charney and M.
Davis [10] investigated the conjecture in the context of piecewise Euclidean
manifolds having “nonpositive curvature” in the sense of Gromov’s CAT(0)
inequality (cf. [17, 23, 33]).
In this paper, we have the following similar result (cf. [34, main theorem]).
Theorem 1.7. (1) If (M2n, ω) is a 2n-dimensional closed symplectically
hyperbolic manifold, then
(−1)nχ(M2n) > 0.
(2) If (M2n, ω) is a 2n-dimensional closed symplectically parabolic mani-
fold, then
(−1)nχ(M2n) ≥ 0.
Remark 1.8. It is easy to see that every closed non-elliptically symplectic
manifold is symplectically aspherical. It is natural to ask whether symplec-
tically aspherical manifolds are always non-elliptically symplectic.
As an application of Theorem 1.7, we have the following theorem.
Theorem 1.9. (1) If (M2n, g) is a 2n-dimensional closed Riemannian man-
ifold with strictly negative sectional curvature, then
(−1)nχ(M2n) > 0.
(2) If (M2n, g) is a 2n-dimensional closed Riemannian manifold with non-
positive sectional curvature, then
(−1)nχ(M2n) ≥ 0.
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Remark 1.10. Theorem 1.9 shows that the Chern-Hopf conjecture holds
true in closed Riemannian manifolds with nonpositive curvature (resp. strictly
negative curvature). In particular, it gives a positive answer to a Yau’s prob-
lem [64, Problem 10] due to S. S. Chern and H. Hopf:
LetM be a 2n-dimensional closed oriented Riemannian manifold of strictly
negative sectional curvature K < 0. Then the signed Euler characteristic
satisfies (−1)nχ(M2n) > 0.
The remainder of the paper is organized as follows. In Section 2, we will
introduce L2-Hodge theory on the universal covering of M with respect to
the Lipschitz Ka¨hler metric. In Section 3, we prove the vanishing theorem of
L2-Betti numbers of symplectically parabolic manifolds. In Section 4, we will
investigate the non-vanishing theorem for L2-cohomology on symplectically
hyperbolic manifolds.
2. L2-Hodge theory
Let us recall some definitions and results of Hodge theory (cf. [11, 31]).
Let (Mn, g) be a closed, n-dimensional Riemannian manifold. The Hodge
star operator ∗g : Ωk(Mn) → Ωn−k(Mn) is a linear map which satisfies
α ∧ ∗gβ = (α, β)gdvolg for all α, β ∈ Ωk(Mn). Here Ωk(Mn) is the space of
smooth k-forms on Mn.
Let d∗ denote the adjoint operator of the differential operator d with
respect to g. It is a basic result that d∗ = (−1)nk+n+1 ∗g d ∗g on Ωk(Mn) (cf.
T. Aubin [4]). The Hodge Laplacian operator is given by ∆g = d d
∗ + d∗d :
Ωk(Mn) → Ωk(Mn). A k-form α is called ∆g-harmonic if ∆gα = 0. It is
well known that α is harmonic if and only if dα = 0 and d∗α = 0 that is
called (d, d∗)-harmonic. By the theory of elliptic operators, we know that
the kernel of ∆g is finite dimensional, and the Hodge theory tells us that
every cohomology class has a unique harmonic representative (cf. [11]).
Let (M2n, ω) be a closed, 2n-dimensional symplectic manifold with infi-
nite fundamental group π1(M
2n). Let J be an ω-compatible almost complex
structure, and g(·, ·) = ω(·, J ·) the associated Riemannian metric. The uni-
versal covering M˜2n of M2n has the lifted almost Ka¨hler structure (ω˜, J˜ , g˜).
Since the fundamental group Γ = π1(M
2n) is infinite which is regarded as the
deck transformation group, and acts on the universal covering M˜2n by deck
transformation, the lifted almost Ka¨hler structure (ω˜, J˜ , g˜) is Γ-invariant
[11].
Let Ωpc(M˜2n) be the space of smooth p-forms on M˜2n with compact sup-
port. There are natural inner product and norm on it, given by
〈α, β〉L2 =
∫
M˜2n
α ∧ ∗g˜β, (2.1)
‖α‖L2 =
√
〈α,α〉L2 , (2.2)
where α, β ∈ Ωpc(M˜2n). Let L2Ωp(M˜2n) be the Hilbert space completion of
Ωpc(M˜2n) with respect to this inner product defined by Riemannian metric
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g˜. Let ∆g˜ be the Hodge Laplacian operator on (M˜
2n, g˜). Define the space
of L2-integrable harmonic p-forms on (M˜2n, g˜) as
Hp(2)(M˜2n) = {α ∈ L2Ωp(M˜2n) |∆g˜α = 0}, (2.3)
see [41, 45].
Proposition 2.1 (cf. J. Dodziuk [24],also see [34, 41]). Let (M2n, ω) be
a 2n-dimensional closed non-elliptically symplectic manifold. Then there
exists an almost Ka¨hler structure (ω, J, g) on M , and the universal covering
(M˜2n, ω˜, J˜ , g˜) is also an almost Ka¨hler manifold. Similar to the compact
case, we have Kodaira-Hodge decomposition
L2Ωp(M˜2n) = Hp(2)(M˜2n)⊕ dL2Ωp−1(M˜2n)⊕ d∗L2Ωp+1(M˜2n), (2.4)
where dL2Ωp−1(M˜2n) and d∗L2Ωp+1(M˜2n) are closure of dL2Ωp−1(M˜2n)
and d∗L2Ωp+1(M˜2n) with respect to L2-norm respectively.
We can define the analytic p-th L2-Betti number by the von Neumann
dimension of the finitely generated Hilbert Γ-moduleHp(2)(M˜2n), see Murray
and von Neumann [44], Atiyah [1], Pansu [45] and Shubin [46]. Recall that
a Hilbert space H with a unitary action of a discrete group Γ is called a
Γ-module if H is isomorphic to a Γ-invariant subspace in the space of L2-
functions on Γ with values in some Hilbert space H. To each Γ-module
H, one assigns the von Neumann dimension, also called the Γ-dimension,
dimΓH ∈ [0,+∞], which is a nonnegative real number or +∞. The precise
definition is not important for the moment, but the following properties
convey the idea of dimΓH as some kind of size of the “quotient space” H/Γ
(see Pansu [45]):
(1) dimΓH ≥ 0, and dimΓH = 0 if and only if H = 0.
(2) If Γ is a finite group, then dimΓH = dimH/|Γ|.
(3) If H0 is isomorphic to a dense subspace of H, then dimΓH0 =
dimΓH.
(4) dimΓH is additive in the following sense. Given an exact sequence
of Hilbert Γ-modules
0→ H1 →H2 →H3 → 0,
one has dimΓH2 = dimΓH1 + dimΓH3.
(5) If H equals the space of L2-functions Γ→ H, then dimΓH = dimH.
(6) Continuity: if {Hj}∞j=1 is a decreasing sequence of Γ-invariant sub-
spaces, then
dimΓ(
⋂
j
Hj) = lim
j→∞
dimΓHj
(7) If Γ′ ⊂ Γ is a subgroup of finite index d, then any unitary representa-
tion H of Γ becomes a representation of Γ′, and dimΓ′ H = d dimΓH.
(8) Normalization: dimΓ(ℓ
2(Γ)) = 1.
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We now return to the universal covering π : (M˜2n, ω˜, J˜ , g˜)→ (M2n, ω, J, g),
where the fundamental group of (M2n, ω), Γ = π1(M
2n), is infinite which
acts on the universal covering M˜2n as a deck transformation. We may choose
a fundamental domain F ⊂ M˜2n for the action Γ, where F is an open sub-
set of M˜2n with boundary ∂F of Hausdorff dimension 2n − 1, such that
γiF ∩ γjF = ∅ whenever γi 6= γj, and M˜2n =
⋃
γ∈Γ γF¯ (cf. M. Atiyah
[1]). Then we have a decomposition M˜2n ∼= Γ × F up to a subset of mea-
sure zero, given by γx 7→ (γ, x) ∈ Γ × F . Let
◦
M˜2n =
⋃
γ∈Γ γF . Then
M˜2n \
◦
M˜2n =
⋃
γ∈Γ γ(∂F ), and
◦
M˜2n ∼= Γ × F . It is easy to see that the
action of Γ on Ωp(
◦
M˜ 2n) becomes the action given by γ2(γ1, α) = (γ2γ1, α),
where γ1, γ2 ∈ Γ, α ∈ Ωp(F ). This gives a unitary isomorphism
UpF : L
2Ωp(
◦
M˜ 2n)→ ℓ2(Γ)⊗ L2Ωp(F ),
and the action of Lγ on L
2Ωp(
◦
M˜2n) becomes Lγ ⊗ I on ℓ2(Γ) ⊗ L2Ωp(F ).
Hence L2Ωp(M˜2n) ∼= L2Ωp(
◦
M˜ 2n) is a Γ-module. Thus, in terms of heat
kernel, we define the analytic p-th L2-Betti number as follows (cf. [1, 41,
45, 46]):
bp(2)(M˜
2n) = dimΓHp(2)(M˜2n)
= lim
t→+∞
∫
F
trC(e
−t∆g˜ (x, x))dvolg˜
= dimΓHp(2)(
◦
M˜ 2n) = bp(2)(
◦
M˜2n),
where e−t∆g˜ (x, y) is the heat kernel on M˜2n with respect to the metric g˜.
Note that L2-Betti numbers share many properties of ordinary Betti num-
bers. For instance:
(1) Homotopy invariance (cf. [34, 1.1.E]). L2-Betti numbers are not ho-
motopy invariants for complete noncompact manifolds. For exam-
ple, Hyperbolic space H2n and Euclidean space R2n are homotopy
equivalent and diffeomorphic, but their middle dimensional L2-Betti
numbers are different. Yet, the L2-Betti numbers are invariant under
bi-Lipschitz homeomorphisms, and more generally, invariant under
bi-Lipschitz homotopy equivalence. In particular, singular L2-Betti
numbers are Γ-equivariant homotopy invariants (cf. [24, 13, 14, 15]).
(2) Finite covering: if Mˆ2n →M2n is a d-fold covering, then bp(2)(Mˆ2n) =
d bp(2)(M
2n).
(3) Harmonic forms: bp
(2)
(M˜2n) vanishes if and only if Hp
(2)
(M˜2n) is triv-
ial.
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(4) Continuity: if Mˆj → M is a dj-fold covering, and if the sequence
Mˆj → M converges to the universal covering M˜ in the following
sense: every loop in M lifts to an open path in some Mˆj, then
bi(2)(M˜) = limj→∞
1
dj
bi(Mˆj). However, not every manifold admits
such a tower of finite coverings. It is the case, if and only if the
fundamental group of M is residually finite.
The actual definition involves L2 cohomology of the universal cov-
ering M˜ of M . Although the main idea is presented in Murray-von
Neumann’s theory of type II factors [44], the concept is due to Atiyah
[1] and Singer [49]. L2-Betti numbers are useful tools for topology,
as shown by Cheeger and Gromov [15], see also Lu¨ck [41].
Let π : (M˜2n, ω˜, J˜ , g˜) → (M2n, ω, J, g) be the universal covering, where
(M2n, ω) is a closed symplectic manifold with infinite fundamental group.
By Atiyah’s Γ-index theorem in [1], we have the following theorem.
Theorem 2.2.
χ(2)(M˜
2n) :=
2n∑
p=0
(−1)pbp
(2)
(M˜2n) = χ(M2n),
where bp(2)(M˜
2n) = dimΓHp(2)(M˜2n).
Property (4) above and Theorem 2.2 imply that a positive answer to the
Chern-Hopf conjecture would follow from a vanishing theorem forHi(2)(M˜2n)
when i 6= n, and a nonvanishing theorem for Hn(2)(M˜2n). The answer is
positive for rotationally symmetric metric (cf. Dodziuk [25]) and symmetric
spaces (cf. Borel [7]).
For non-elliptically Ka¨hler manifolds, we have the following theorem due
to Cheng, Jost-Zuo, Gromov ([18, 38, 34], Ka¨hler hyperbolic case) and Cao-
Xavier, Hitchin ([9, 37], Ka¨hler parabolic case) .
Theorem 2.3. Let (M2n, ω, J, gJ ) be a non-elliptically Ka¨hler manifold of
dimension 2n, and (M˜2n, ω˜, J˜ , g˜J ) its universal covering. Then Hp(2)(M˜2n) =
0 for p 6= n. Therefore, for Ka¨hler hyperbolic case
(−1)nχ(M2n) = (−1)nχ(2)(M˜2n) > 0;
for Ka¨hler parabolic case
(−1)nχ(M2n) = (−1)nχ(2)(M˜2n) ≥ 0.
Note that the proof of the above theorem is based on the identity [Lω˜,∆g˜] =
0 due to the hard Lefschetz condition of Ka¨hler manifolds. But, in general,
non-elliptically almost Ka¨hler manifold (M2n, ω, J, gJ ) is not Ka¨hler.
Let (M2n, ω) be a closed symplectic manifold. If there is an ω-compatible
almost complex structure J which is integrable, then (M2n, ω, J, gJ ) is a
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Ka¨hler manifold, where gJ(·, ·) = ω(·, J ·). Also the universal covering π :
(M˜2n, ω˜, J˜ , g˜J ) → (M2n, ω, J, gJ ) is a Ka¨hler manifold.
We can define Lefschetz maps [31, 63]:
Lω : Ω
p(M2n)→ Ωp+2(M2n), β 7→ ω ∧ β;
Lω˜ : Ω
p(M˜2n)→ Ωp+2(M˜2n), γ 7→ ω˜ ∧ γ.
Since (M2n, ω, J, gJ ) is a Ka¨hler manifold, it is well known that
[Lω,∆g] = 0, [Lω˜,∆g˜] = 0,
and the induced maps
Lkω : H
n−k
dR (M
2n)→ Hn+kdR (M2n);
Lkω˜ : H
n−k
(2) (M˜
2n)→ Hn+k(2) (M˜2n),
where 0 ≤ k ≤ n, are isomorphisms by the hard Lefschetz condition (cf.
Griffith-Harris [31, p.122] or Yan [63, Corollary 2.9]). It is well known that
for a closed symplectic manifold (M2n, ω) with hard Lefschetz property, ev-
ery de Rham cohomology H∗dR(M
2n) class contains a symplectic harmonic
form (cf. Yan [63, Theorem 0.1]). Tan-Wang-Zhou [54] used symplectic co-
homology introduced by Tseng-Yau [61] to study symplectically parabolic
manifold (M2n, ω) satisfying hard Lefschetz condition. Based on this, they
obtained that if (M2n, ω) is a symplectically parabolic manifold with hard
Lefschetz property, then its signed Euler characteristic satisfies the inequal-
ity (−1)nχ(M2n) ≥ 0. Note that all solvmanifolds are aspherical, there
are many symplectic solvmanifolds with hard Lefschetz property, no Ka¨hler
structure, for example, M6(c), N6(c), P 6(c), more details see [28].
In order to investigate non-elliptically symplectic manifolds without hard
Lefschetz property, we will use the deformation of almost complex struc-
tures to Lipschitz Ka¨hler structures (cf. N. Teleman [58]). Suppose that
(M2n, ω, J, gJ ) is a closed almost Ka¨hler manifold with an infinite fundamen-
tal group Γ = π1(M
2n). We will construct a special fundamental domain,
F , using Darboux coordinate charts (cf. [42]), such that the almost complex
structure J on F can be deformed to an integrable complex structure J0 on
F , which is also ω-compatible.
Let ρJ be the distance function on M
2n defined by the metric gJ . Notice
that Darboux’s theorem [42] stated that every symplectic form ω on M2n
is locally diffeomorphic to the standard form ω0 on R
2n, even symplectic
forms’ germs at a point are isomorphic. For any p ∈ M2n, by Darboux’s
theorem, there is a coordinate chart (Up, φp), where Up is a neighborhood of
p, φp : Up → φp(Up) ⊂ R2n is a homeomorphism such that φ∗pω0 = ω, and
ω0 =
n∑
i=1
dxi ∧ dyi
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is the standard symplectic (Ka¨hler) form on R2n. Let Jst be the standard
complex structure on Cn ∼= R2n with complex coordinates zi = xi+
√−1yi,
and Jp = φ
∗
pJst the induced complex structure on Up.
Set gp(·, ·) = ω(·, Jp ·) on Up. On the other hand, we know that gJ(·, ·) =
ω(·, J ·). So we can get
gJ = gp e
h on Up, (2.5)
that is,
gpe
h(X,Y ) = gp(X,Y ) + gp(X,
∞∑
k=1
(g−1p h)k(Y )
k!
),
where h is a symmetric J-anti-invariant (2, 0) tensor and g−1p h is the lifted
of h with respect to gp (cf. Blair [6], also see Tan, Wang, Zhou and Zhu
[53, 55], Donaldson [26] and Kim [39]).
Let Γ = π1(M
2n), π : M˜2n → M2n can be regarded as a fibre bundle
over M2n with discrete fibre Γ. We now construct a special fundamental
domain F ⊂ M˜2n as follows (cf.[1, p.52]). Let {Uj},1 ≤ j ≤ N , be a
finite open cover of M2n by Darboux coordinate charts, i.e., there exist
homeomorphims φj : Uj → φj(Uj) ⊂ R2n such that φ∗jω0 = ω on Uj , for
all j. Also choose smooth sections sj : Uj → M˜2n of the universal covering
π : M˜2n → M2n. Let Wi = Ui −
⋃
j<i U¯j , and let F =
⋃
si(Wi) ⊂ M˜2n.
Then F is a fundamental domain of the universal covering π : M˜2n →M2n.
Let
J0|Wi = φ∗iJst, on Wi, ∀i.
It is easy to see that J0 is an integrable complex structure on π(F ) =⋃
Wi. Hence (π(F ), ω, J0, gJ0) is an open Ka¨hler manifold, where gJ0 =
ω(·, J0·). Note that this open flat Ka¨hler manifold has many connected
components, each of them is homeomorphic to an open subset of R2n ∼=
C
n with the standard Ka¨hler structure. We can further assume that the
Darboux coordinate charts {Uj},1 ≤ j ≤ N , have smooth boundaries, so
that F and π(F ) have piecewise smooth boundaries of Hausdorff dimension
2n− 1, ≤ 2n− 1 respectively.
On
◦
M˜2n =
⋃
γ∈Γ
γF ⊂ M˜2n,
we have the lifted Ka¨hler structure (ω˜, J˜0, g˜J0). Note that
M˜2n −
◦
M˜2n =
⋃
γ∈Γ
γ∂F = ∂
◦
M˜2n
is a noncompact, piecewise smooth hypersurface in M˜2n.
Let (M2n, ω, J, gJ ) be a non-elliptically almost Ka¨hler manifold, (M˜
2n, ω˜,
J˜ , g˜J) the universal covering. Let F ⊂ M˜2n be a fundamental domain
constructed as above using Darboux coordinate charts. Then F¯ is compact
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with piecewise smooth boundary of Hausdorff dimension 2n−1, and M˜2n =⋃
γ∈Γ γF¯ . Let
◦
M˜2n =
⋃
γ∈Γ
γF.
Then (
◦
M˜2n, ω˜, J˜ , g˜J) is a Γ-invariant open almost Ka¨hler manifold.
We have two different almost Ka¨hler structures on the open manifold
◦
M˜2n. One is (
◦
M˜2n, ω˜, J˜ , g˜J), which is inherited from the universal covering
(M˜2n, ω˜, J˜ , g˜J ) as an open submanifold. The other one is induced from the
standard Ka¨hler structure on R2n ∼= Cn, that is (
◦
M˜2n, ω˜, J˜0, g˜J0). The latter
complex structure J˜0 in general has no continuous extension to M˜
2n.
By equation (2.5), we have
g˜J |γF = (g˜J0 |γF ) eh, (2.6)
where h is a symmetric J˜-anti-invariant (2, 0) tensor. Hence on
◦
M˜ 2n, we
can construct a family of Γ-invariant almost Ka¨hler structures
g˜(t)|γF = (g˜J0 |γF ) et h, for t ∈ [0, 1], γ ∈ Γ. (2.7)
Hence, we have a family of Γ-invariant almost Ka¨hler structures (ω˜, J˜(t), g˜(t))
on
◦
M˜2n, t ∈ [0, 1]. In particular, t = 1, g˜(1) = g˜J , J˜(1) = J˜ , (ω˜, J˜(1), g˜(1))
is a smooth Γ-invariant almost Ka¨hler structure on M˜2n; t = 0, g˜(0) = g˜J0 ,
J˜(0) = J˜0, (ω˜, J˜(0), g˜(0)) is a Γ-invariant flat Ka¨hler structure on the open
manifold
◦
M˜2n. Thus (ω˜, J˜(t), g˜(t)), t ∈ (0, 1) can be regarded as Γ-invariant
measurable almost Ka¨hler metric on M˜2n (see Drutu and Kapovich [23,
p.34]); (ω˜, J˜(1), g˜(1)) = (ω˜, J˜ , g˜J ) is a smooth Γ-invariant almost Ka¨hler
metric on M˜2n; (ω˜, J˜(0), g˜(0)) is a Γ-invariant Lipschitz flat Ka¨hler metric
on M˜2n (see Teleman [58, §3] and Drutu-Kapovich [23, Chapter 1,2]).
Since (M2n, ω, J, gJ ) is a closed almost Ka¨hler manifold, we can assume
without loss of generality that whose sectional curvature K and injectivity
radius inj(M2n) satisfy |K| ≤ 13 , inj(M2n) ≥ 3 (cf. [11]). Similarly, the
symmetric J-anti-invariant (2, 0) tensor on Up = B(p, 1) defined in (2.5) is
uniformly bounded, where B(p, 1) is unit ball at center p with respect to
metric gJ . We denote C
k norm of h with respect to the metric gJ on Up by
|h|Ck(Up,gJ). Here
|h|Ck(Up,gJ) =
k∑
i=0
|(∇1gJ )ih|C0(Up),
and ∇1gJ is the second canonical connection with respect to the metric gJ
[11, 42, 53, 55]. It is easy to see that
|h|Ck(Up,gJ) ≤ C(k). (2.8)
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Recall the construction of g˜(t), t ∈ [0, 1], by (2.5)-(2.8), we have the following
estimates:
C−1g˜(t)(X,X) ≤ g˜(1)(X,X) ≤ Cg˜(t)(X,X), t ∈ [0, 1], (2.9)
where C > 1 is a constant. By using g˜(t), t ∈ [0, 1], one can define an inner
product (·, ·)g˜(t) on ΛpT ∗
◦
M˜2n, 0 ≤ p ≤ 2n, with respect to the metric g˜(t),
t ∈ [0, 1] as follows:
(α, β)g˜(t)dvolg˜(t) , α ∧ ∗tβ ∈ Λ2nT ∗
◦
M˜2n, ∀α, β ∈ Ωp(
◦
M˜2n),
where ∗t is the Hodge star operator with respect to the metric g˜(t), t ∈ [0, 1]
(cf. [11]). Notice that
dvolg˜(t) =
√
det(g˜(t)) =
ω˜n
n!
,
if a volume density
√
det(g˜(t)) defined by the measurable Riemannian metric
g˜(t) is constant, then g˜(t) is able to be smoothing (cf. Teleman [56]). In
particular, g˜(0) and g˜(1) are equivalent Lipschitz Riemannian metrics on
M˜2n (cf. Teleman [58, §3]). Hence, we can define an inner product on
Ωp(M˜2n) since M˜2n\
◦
M˜ 2n has Hausdorff dimension 2n − 1 with Lebesgue
measure zero, ∀α, β ∈ Ωp(M˜ 2n), 0 ≤ p ≤ 2n,
〈α, β〉g˜(t) ,
∫
M˜2n
(α, β)g˜(t)
ω˜n
n!
, t ∈ [0, 1].
Thus, by the same reason, we can define L2k(t)-norm on Ω
p(M˜2n) with re-
spect to the metric g˜(t) on
◦
M˜ 2n, t ∈ [0, 1], ∀α ∈ Ωp(M˜ 2n)
‖α‖2
L2
k
(t) ,
k∑
i=0
〈(∇˜1(t))iα| ◦
M˜2n
, (∇˜1(t))iα| ◦
M˜2n
〉g˜(t), (2.10)
where ∇˜1(t) is the second canonical connection with respect to the metric
g˜(t) on
◦
M˜2n, 0 ≤ p ≤ 2n, and t ∈ [0, 1]. Hence we define Hilbert spaces of
Ωp(M˜2n), 0 ≤ p ≤ 2n, t ∈ [0, 1] as follows:
Definition 2.4. Let (M˜2n, ω˜) be the universal covering of (M2n, ω). Then
there exists a family of open almost Ka¨hler manifolds (
◦
M˜ 2n, ω˜, J˜(t), g˜(t))
(or measurable almost Ka¨hler manifolds (M˜2n, ω˜, J˜(t), g˜(t))), t ∈ [0, 1].
L2kΩ
p(M˜2n)(t) is the completion of Ωpc(M˜2n)⊗RC with respect to the norm
‖ · ‖L2
k
(t).
From Definition 2.4 and (2.9)-(2.10), it is clear that the Sobolev space
L2kΩ
p(M˜2n)(t), t ∈ [0, 1], are equivalent, for 0 ≤ p ≤ 2n. More precisely,
L2kΩ
p(M˜2n)(t), t ∈ [0, 1), and L2kΩp(M˜2n)(1) are quasi-isometry for 0 ≤ p ≤
2n.
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By (2.7)-(2.9), it is easy to see that ∗t ∈ L∞k (
◦
M˜ 2n)(t), k ∈ N, t ∈
[0, 1]. Hence L2kΩ
p(M˜2n)(t), t ∈ [0, 1], are equivalent, 0 ≤ p ≤ 2n. Since
(ω˜, J˜(1), g˜(1)) is an almost Ka¨hler structure on M˜2n, it is not hard to see
that Ωpc(M˜2n) ⊗R C is dense in L2kΩp(M˜2n)(1) (cf. T. Aubin [4, 2.6 The-
orem and 2.7 Remark] or [3]). It is well known that on Ωpc(M˜2n) ⊗R C,
0 ≤ p ≤ 2n, d∗1 , − ∗1 d∗1, ∗1 being Hodge star operator with respect to
g˜(1), is L2-adjoint operator of d, and ∆1 , dd
∗1 + d∗1d is L2-self-adjoint
operator on Ωpc(M˜2n) (cf. [20, 41, 46]).
Let H be a Hilbert space and T : dom(T ) → H be a (not necessarily
bounded) linear operator defined on a dense linear subspace dom(T ) which is
called (initial) domain. We call T closed if its graph gr(T ) , {(u, T (u)) : u ∈
dom(T )} ⊂ H ×H is closed. We say that S : dom(S) → H is an extension
of T and write T ⊂ S if dom(T ) ⊂ dom(S) and S(u) = T (u) holds for all
u ∈ dom(T ). We write T = S if dom(T ) = dom(S) and S(u) = T (u). We
call T closable if and only if T has a closed extension. Since the intersection
of an arbitrary family of closed sets is closed again, a closable unbounded
densely defined operator T has a unique minimal closure, also called minimal
closed extension, that is, a closed operator Tmin : dom(Tmin) → H which
T ⊂ Tmin such Tmin ⊂ S holds for any closed extension S of T . Explicitly
dom(Tmin) consists of elements u ∈ H for which there exist a sequence
{un}n≥0 in dom(T ) and an element v in H satisfying lim
n→∞un = u and
lim
n→∞T (un) = v. Then v is uniquely determined by this property and we
put Tmin(u) = v. Equivalently dom(Tmin) is the Hilbert space completion of
dom(T ) with respect to the inner product
〈u, v〉gr = 〈u, v〉H + 〈T (u), T (v)〉H .
If not stated otherwise we always use the minimal closed extension as the
closed extension of a closable unbounded densely defined linear operator.
The adjoint of T is the operator T ∗ : dom(T ∗) → H whose domain
consists of elements v ∈ H for which there is an element u in H such
that 〈u′, u〉H = 〈T (u′), v〉H holds for all u′ ∈ dom(T ). Then u is uniquely
determined by this property and we put T ∗(v) = u. Notice that T ∗ may
not have a dense domain in general. If T is closable, then T ∗min = T
∗ and
Tmin = (T
∗)∗. We call T symmetric if T ⊂ T ∗ and self-adjoint if T = T ∗.
Any self-adjoint operator is necessarily closed and symmetric. A bounded
operator T : H → H is always closed and is self-adjoint if and only if it
is symmetric. We call T essentially self-adjoint if Tmin is self-adjoint. The
maximal closure Tmax of T is defined by adjoint of (T
∗)min. For any closure
T¯ of T : dom(T ) → H we have Tmin ⊂ T¯ ⊂ Tmax. Hence if T is essentially
self-adjoint, then Tmin = Tmax. More details see [1, 20, 41, 46].
Let E1 and E2 be Hermitian vector bundles over a complete Riemannian
manifold without boundary. Let D : C∞c (E1) → C∞c (E2) be an elliptic
differential operator where C∞c (E1) is the space of smooth sections with
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compact support. Our main examples are Dirac operator d + d∗ where
d : Ωpc(M) → Ωp+1c (M), d∗ : Ωpc(M) → Ωp−1c (M), and Hodge Laplacian
operator ∆ = dd∗ + d∗d : Ωpc(M)→ Ωpc(M). Notice that there is a formally
adjoint operator D∗ : C∞c (E2)→ C∞c (E1) which is uniquely determined by
the property that 〈D(u), v〉L2 = 〈u,D∗(v)〉L2 holds for all u, v ∈ C∞c (E1).
It is again an elliptic differential operator. The minimal closure Dmin of
D : C∞c (E1) → L2C∞(E2) has been defined above where L2C∞(E2) is
the Hilbert space completion of C∞c (E2). The maximal closure Dmax of
D is defined by the adjoint of (D∗)min. Indeed, for any closure D¯ of D :
C∞c (E1) → L2C∞(E2) we have Dmin ⊂ D¯ ⊂ Dmax. One can also describe
dom(Dmax) as the space of u ∈ L2C∞(E1) for which the distribution D(u)
actually lies in L2C∞(E2) (cf. [1, 20, 41, 46]).
I. M. Singer [48] exposed a comprehensive program aimed to extend theory
of elliptic operators and their index to more general situations.
N. Teleman [56, 57, 58] obtained results for a Hodge theory on PL man-
ifolds and Lipschitz manifolds, and J. Cheeger [12] produced Hodge theory
on a very general class of pseudo-manifolds.
For a closed PL manifold (Mn, g), since there exists Stokes’ formula on
(Mn, g) (cf. Teleman [56, Proposition 3.2], for PL-forms over a cell complex
(see Sullivan [51]) PL distributional adjoint operator of d is d∗ = ± ∗g d∗g
(cf. Teleman [57, Chapter II]) by using the method of harmonic analysis (cf.
Stein [50]).
For a closed Lipschitz manifold (Mn, g), a theory of signature operators
(which is Dirac operator d + d∗ when n = 4m) has been developed by
Teleman [58, Lipschitz Hodge theory] and [59], d∗ is formally defined as
d∗ = ± ∗g d∗g, and it has sufficient good properties to mimic the usual
linear elliptic analysis. Here ∗g is the Hodge star operator with respect
to the metric g. As done in smooth case, for Lipschitz manifolds we have
the Rellich type lemma (cf. [58, Theorem 7.1]) by using basic properties
of classical elliptic pseudodifferential operators [47, Chapter I]. Notice that
D. Sullivan [52] proved the following result: “If n 6= 4, any topological n
manifold admits a Lipschitz structure. Also, any two Lipschitz structures
are equivalent by a homeomorphism isotopic to the identity.”
In our case, the underlying manifold (M˜2n, ω˜, J˜ , g˜J) is smooth. Recall
that ∗t is in L∞1 (M˜2n), M˜2n\
◦
M˜2n has Hausdorff dimension 2n − 1 with
Lebesgue measure zero, thus
d : Ωp−1c (M˜
2n)⊗R C −→ L2Ωp(M˜2n)(t),
− ∗t d∗t : Ωpc(M˜2n)⊗R C −→ L2Ωp−1(M˜2n)(t),
are well defined, where ∗t is Hodge star operator with respect to g˜(t), since
Ωp−1c (M˜2n) ⊗R C and Ωpc(M˜2n) ⊗R C are dense in L2Ωp−1(M˜2n)(t) and
L2Ωp(M˜2n)(t) respectively, 0 ≤ p ≤ 2n, t ∈ [0, 1]. Let d∗t be L2-adjoint
operator of d with respect to g˜(t), t ∈ [0, 1]. We have the following lemma.
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Lemma 2.5. (cf. Tan-Wang-Zhou [54, Lemma 2.6], also see Gromov [34,
Lemma 1.1A]) d∗t = − ∗t d∗t, (d∗t)∗t = d in the sense of distributions.
Proof. It is enough to choose α ∈ Ωp−1c (M˜2n)⊗RC and β ∈ Ωpc(M˜2n)⊗RC.
Then
α ∧ ∗tβ ∈ Ω2n−1(
◦
M˜2n)
⋂
L∞c (Λ
2n−1M˜2n).
Since ∗t ∈ L∞1 (M˜2n), M˜2n\
◦
M˜2n has Lebesgue measure zero,
α ∈ L21Ωp−1(M˜2n)(1), ∗tβ ∈ L21Ω2n−p(M˜2n)(1),
hence,
α ∧ ∗tβ ∈ L1Ω2n−1(M˜2n)(1),
d(α ∧ ∗tβ) ∈ L1Ω2n(M˜2n)(1).
By Gromov’s result (cf. [34] Lemma 1.1.A, also see [41]), we have∫
M˜2n
d(α ∧ ∗tβ) = 0.
In fact, ∗tβ ∈ L21Ω2n−p(M˜2n)(1) since L21Ω2n−p(M˜2n)(t) and L21Ω2n−p(M˜2n)(1)
are quasi-isometry, hence there is a sequence β˜k ∈ Ω2n−pc (M˜2n) such that
‖ ∗t β − β˜k‖L2
1
(t) → 0 as k → ∞. Therefore, it follows from integration by
parts that ∫
M˜2n
d(α ∧ ∗tβ) = lim
k→∞
∫
M˜2n
d(α ∧ β˜k) = 0.
Thus
0 =
∫
M˜2n
d(α ∧ ∗tβ)
=
∫
M˜2n
dα ∧ ∗tβ + (−1)p−1
∫
M˜2n
α ∧ d(∗tβ)
=
∫
M˜2n
(dα, β)g˜(t)dvolg˜(t) −
∫
M˜2n
(α,− ∗t d ∗t β)g˜(t)dvolg˜(t)
=〈dα, β〉g˜(t) − 〈α,− ∗t d ∗t β〉g˜(t). (2.11)
Therefore, by (2.11), formal adjoint d∗t of d is − ∗t d∗t, and (d∗t)∗t = d in
Hilbert spaces. This completes the proof of Lemma 2.5. 
As in classical analysis, one can define Hodge Laplacian:
∆t , dd
∗t + d∗td : L22Ω
p(M˜2n)(t)→ L2Ωp(M˜2n)(t), (2.12)
where 0 ≤ p ≤ 2n and t ∈ [0, 1]. Notice that by Lemma 2.5 ∆t, t ∈ [0, 1]
are essentially self-adjoint elliptic operators on L2Ωp(M˜2n)(t), t ∈ [0, 1] (cf.
[1, 20, 41, 46]).
In the remainder of this section, we will consider Kodaira-Hodge de-
composition (cf. [34, 41, 46, 54]). Let α, dα, and d∗tα ∈ L2Ωp(M˜2n)(t),
L2Ωp+1(M˜2n)(t), and L2Ωp−1(M˜2n)(t) respectively, 0 ≤ p ≤ 2n, t ∈ [0, 1].
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Then α is called (d, d∗t)-harmonic if dα = 0,d∗tα = 0 in the sense of distri-
butions, t ∈ [0, 1]. Similarly, α ∈ L2Ωp(M˜2n)(t), α is called ∆t-harmonic if
∆tα = 0 in the sense of distributions, 0 ≤ p ≤ 2n, t ∈ [0, 1]. It is not hard
to see that (d, d∗t)-harmonic implies ∆t-harmonic. By Gaffney cutoff trick,
we can obtain the following lemma (cf. [54] Lemma 2.7, also see [34] 1.1.B
Lemma and [41]).
Lemma 2.6. If an L2 p-form α is ∆t-harmonic, then α is (d, d
∗t)-harmonic
in the sense of distributions, where 0 ≤ p ≤ 2n and t ∈ [0, 1].
Proof. First, we construct a family of cutoff functions aK , K ∈ R+, such
that
aK ≥ 0, |∇˜1(1)aK |g˜(1) ≤
1
K
(aK)
1
2 , |(∇˜1(1))2aK |g˜(1) ≤
1
K2
,
and the subsets a−1K (1) exhaust M˜
2n as K → +∞ on complete noncompact
manifold M˜2n (Γ-manifold). Here, we only give the case on R . Let
f(x) =
{
exp(−1
x
), x > 0
0, x ≤ 0 (2.13)
Define ψ(x) = f(x)
f(x)+f(1−x) . Note that 0 ≤ ψ(x) ≤ 1 for 0 < x < 1, ψ(x) = 0
if x ≤ 0, ψ(x) = 1 if x ≥ 1, and ψ, ψ′ and ψ′′ are all bounded. Finally, for
x ≥ 0, let aK = ψ2(2− xK ). Clearly, aK(x) = 1 on [0,K] and aK(x) = 0 on
[2K,+∞). For K < x < 2K, we have
a′K = −
2
K
ψ(2 − x
K
)ψ′(2− x
K
).
Since ψ′ is bounded, we see that − 1
K
C1
√
aK ≤ a′K ≤ 0 for some constant
C1. Moreover,
a′′K =
2
K2
ψ′2(2− x
K
) +
2
K2
ψ(2 − x
K
)ψ′′(2 − x
K
).
Since ψ, ψ′ and ψ′′ are bounded, we have |a′′K(x)| ≤ C2K2 for some constant
C2.
Suppose that α is an L2 p-form on M˜2n satisfying 0 = ∆tα = (dd
∗t +
d∗td)α, 0 ≤ p ≤ 2n, t ∈ [0, 1]. Then
0 =〈∆tα, aKα〉g˜(t)
=
∫
M˜2n
(dd∗t + d∗td)α ∧ aK ∗t α
=
∫
M˜2n
(d∗tα, d∗t(aKα))g˜(t)
ω˜n
n!
+
∫
M˜2n
(dα, d(aKα))g˜(t)
ω˜n
n!
=aK
∫
M˜2n
(d∗tα, d∗tα)g˜(t)
ω˜n
n!
+
∫
M˜2n
d∗tα ∧ (− ∗2t (daK ∧ ∗tα))
+ aK
∫
M˜2n
(dα, dα))g˜(t)
ω˜n
n!
+
∫
M˜2n
dα ∧ ∗t(daK ∧ α)
=I1(K) + I2(K), (2.14)
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where I1(K) = aK{〈dα, dα〉g˜(t) + 〈d∗tα, d∗tα〉g˜(t)},
I2(K) =
∫
M˜2n
dα ∧ ∗t(daK ∧ α) +
∫
M˜2n
d∗tα ∧ (− ∗2t (daK ∧ ∗tα)) (2.15)
and
I1(K) + I2(K) = 0. (2.16)
|I2(K)| ≤C0
∫
M˜2n
|daK |g˜(t)(|dα|g˜(t) + |d∗tα|g˜(t))|α|g˜(t)
ω˜n
n!
≤C0
∫
M˜2n
|daK |g˜(t){(dα, dα)g˜(t) + (d∗tα, d∗tα)g˜(t) + (α,α)g˜(t)}
ω˜n
n!
,
where
|daK |2g˜(t) = (daK , daK)g˜(t), |dα|2g˜(t) = (dα, dα)g˜(t),
and
|d∗tα|2g˜(t) = (d∗tα, d∗tα)g˜(t).
Since
aK ≥ 0, |∇˜1(1)aK |g˜(1) ≤
1
K
(aK)
1
2
and the subsets a−1K (1) ⊂ M˜2n exhaust M˜2n as K → +∞. Then |I2(K)| → 0
as K → +∞. Since |I2(K)| = I1(K), hence I1(K) → 0 as K → +∞. On
the other hand,
I1(K) =
∫
M˜2n
aK(|dα|2g˜(t) + |d∗tα|2g˜(t))
ω˜n
n!
.
As K → +∞,
I1(∞) =
∫
M˜2n
(|dα|2g˜(t) + |d∗tα|2g˜(t))
ω˜n
n!
.
Therefore, 〈dα, dα〉g˜(t) = 0, that is, dα = 0 = d∗tα in the sense of distribu-
tions. We complete the proof of Lemma 2.6. 
Let L2Ωp(M˜2n)(t) be L2-space of p-forms on M˜2n with respect to the
metric g˜(t), 0 ≤ p ≤ 2n, t ∈ [0, 1]. By Lemma 2.6, we have Kodaira-Hodge
decomposition
L2Ωp(M˜2n)(t) = Hp(2)(M˜2n)(t)⊕ dL2Ωp−1(M˜2n)(t)⊕ d∗tL2Ωp+1(M˜2n)(t),
(2.17)
0 ≤ p ≤ 2n, t ∈ [0, 1], where
Hp(2)(M˜2n)(t) = ker∆t|L2Ωp(M˜2n)(t),
dL2Ωp−1(M˜2n)(t) and d∗tL2Ωp+1(M˜2n)(t) are closure of dΩp−1c (M˜2n)(t) and
d∗tΩp+1c (M˜2n)(t) with respect to L2(t)-norm respectively.
For Hodge theory on non-compact smooth manifolds, see J. Dodziuk [24],
M. Gromov [34] and N. Hitchin [37]. See also N. Teleman [57, 58] for Hodge
theory on closed PL manifolds or Lipschitz Riemannian manifolds.
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Since g˜(1) is smooth on M˜2n, it is clear that
Hp(2)(M˜2n)(1) ⊂ Ωp(M˜2n) ∩ L2Ωp(M˜2n)(1).
∀t ∈ [0, 1), g˜(t) is smooth on
◦
M˜2n, M˜ 2n\
◦
M˜2n =
⋃
γ∈Γ
γ(∂F ) is piecewise
smooth of Hausdorff dimension 2n − 1 with Lebesgue measure zero and
C0(F¯ ) is dense in L2(F¯ ) (cf. T. Aubin [4, 2.9 Theorem] or [3]). Hence
Hp(2)(M˜2n)(t) ⊂ Ωp(
◦
M˜ 2n) ∩ C0(ΛpT ∗M˜2n) ∩ L2Ωp(M˜2n)(t), t ∈ [0, 1).
Define
bp(2)(M˜
2n)(t) = dimΓHp(2)(M˜2n)(t), 0 ≤ p ≤ 2n, t ∈ [0, 1]. (2.18)
Notice that on M˜2n, t ∈ [0, 1], we defined L2kΩp(M˜2n)(t) for a nonnega-
tive integer k be the k-th Sobolev space of p-forms on M˜2n (see (2.10)),
that is, the Hilbert square completion of Ωpc(M˜2n) with respect to the inner
product or norm induced by Γ-measurable Riemannian metric g˜(t) which is
equivalent to the following definition.
〈α, β〉L2
k
(t) =〈(1 + ∆t)
k
2α, (1 + ∆t)
k
2 β〉L2(t)
=〈α, (1 + ∆t)kβ〉L2(t),
‖α‖L2
k
(t) =
√
〈α, (1 + ∆t)kα〉L2(t). (2.19)
Hence, one can define a Hilbert Γ-cochain complex L2l−∗Ω
∗(M˜2n)(t) as fol-
lows (cf. [1, 8, 41, 46]):
0→ L2lΩ0(M˜2n)(t) d−→ L2l−1Ω1(M˜2n)(t) d−→ · · ·
d−→ L2l−2nΩ2n(M˜2n)(t)→ 0, l ≥ 2n. (2.20)
By (2.20), let
Hp(2)(M˜
2n)(t) = ker d|L2Ωp(M˜2n)(t)
/
dL2Ωp−1(M˜2n)(t) .
It is easy to see that
Hp(2)(M˜
2n)(t) ∼= Hp(2)(M˜2n)(t), 0 ≤ p ≤ 2n, t ∈ [0, 1]. (2.21)
More details see Lu¨ck [41, Chapter 1].
In summary, we have the following theorem.
Theorem 2.7. Let (M2n, ω, J, gJ ) be a closed almost Ka¨hler manifold with
infinite fundamental group Γ , π1(M
2n). Let (M˜2n, ω˜, J˜ , g˜J) be the uni-
versal covering of (M2n, ω, J, gJ ). Suppose that F is a fundamental domain
such that
M˜2n =
⋃
γ∈Γ
γF¯ ,
◦
M˜ 2n =
⋃
γ∈Γ
γF.
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On
◦
M˜2n we can construct a family of Γ-invariant ω˜-compatible almost com-
plex structures J˜(t), t ∈ [0, 1], such that J˜(1) = J˜ , g˜(t) = ω˜(·, J˜(t)) on
◦
M˜2n
and g˜(1) = g˜J is smooth on M˜
2n. We have Kodaira-Hodge decomposition
L2Ωp(M˜2n)(t) = Hp(2)(M˜2n)(t)⊕ dL2Ωp−1(M˜2n)(t)⊕ d∗tL2Ωp+1(M˜2n)(t),
0 ≤ p ≤ 2n, t ∈ [0, 1], bp(2)(M˜2n)(t) = dimΓHp(2)(M˜2n)(t).
Notice that N. Teleman pointed out that in contrast with the smooth
case, Hp(2)(M˜2n)(0) depend, by means of the ∗0-operator, on the Lipschitz
Riemannian metric g˜(0). This dependency is effective, see Teleman [56,
Proposition 2.4] or [58, p.46].
Finally, we consider even dimensional closed Riemannian manifolds with
nonpositive (resp. strictly negative) sectional curvature. If (M2n, g) is a
2n-dimensional closed Riemannian manifold with nonpositive (resp. strictly
negative) sectional curvature, then the universal covering π : (M˜2n, g˜) →
(M2n, g) is a complete simply connected manifold with deck transformation
group Γ = π1(M
2n). It is easy to see that, by Cartan-Hadamard theorem,
there is a diffeomorphism Φ : M˜2n → R2n ∼= Cn (cf. Aubin [4] or Chavel
[11]). Suppose ω0 is the standard Ka¨hler form on C
n, then ω˜ = Φ∗ω0 is a
symplectic form on M˜2n. By ω˜ and g˜, we can define an almost complex struc-
ture J˜(g) which is ω˜-compatible and g˜-compatible, and g˜(·, ·) = ω˜(·, J˜(g)·)
(cf. McDuff-Salamon [42] or Tan-Wang-Zhou [53]). Notice that g˜ is a Γ-
invariant Riemannian metric on M˜2n, but, in general, ω˜ and J˜(g) are not
Γ-invariant. It is easy to get that volume form dvolg˜ =
ω˜n
n! is Γ-invariant.
Notice that every symplectic form ω on M2n is locally diffeomorphic to the
standard form ω0 on R
2n [42].
As done in the before, we may construct an almost Ka¨hler structure on
the open submanifold
◦
M˜ 2n ⊂ M˜2n such that (ω˜′| ◦
M˜2n
, J˜ ′(g)| ◦
M˜2n
, g˜′| ◦
M˜2n
) is
a Γ-invariant on
◦
M˜2n. Recall that π :
◦
M˜2n → π(F ) ⊂M2n is a fibre bundle
over π(F ) with fibre Γ = π1(M
2n), where π(F ) is an open submanifold of
M2n, M2n \ π(F ) has Lebesgue measure zero. (π∗ω˜|F , π∗J˜(g)|F , g|pi(F )) is
an almost Ka¨hler structure on the open submanifold π(F ) ⊂M2n. Define
(ω˜′, J˜ ′(g), g˜′) = π∗(π∗ω˜|F , π∗J˜(g)|F , g|pi(F ))
is Γ-invariant almost Ka¨hler structure on
◦
M˜ 2n. Notice that g˜′ = g˜ is a
smooth metric on M˜2n since g˜ is Γ-invariant.
As done in the before, M˜2n has a Lipschitz Ka¨hler structure (ω˜, J˜0, g˜0)
which is homotopy equivalent to the almost Ka¨hler structure (ω˜, J˜(g), g˜).
Similarly, on M˜2n, Γ-invariant measurable almost Ka¨hler structure is Γ-
homotopy equivalent to Γ-invariant Lipschitz Ka¨hler structure (ω˜′, J˜ ′0, g˜
′
0).
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If (M2n, g) is a 2n-dimensional closed Riemannian manifold with strictly
negative sectional curvature, then the universal covering (M˜2n, g˜) of (M2n, g)
has an almost Ka¨hler structure (ω˜, J˜(g), g˜), where ω˜ is d(bounded) (cf. M.
Gromov [34, 0.1B] or [33]). If (M2n, g) is a 2n-dimensional closed Rie-
mannian manifold with nonpositive sectional curvature, then the universal
covering (M˜2n, g˜) of (M2n, g) has an almost Ka¨hler structure (ω˜, J˜(g), g˜),
where ω˜ is d(sublinear) (cf. Cao-Xavier [9, Theorem 1] or Jost-Zuo [38]).
In summary, we have the following theorem.
Theorem 2.8. Suppose that (M2n, g) is a 2n-dimensional Riemannian man-
ifold with strictly negative (resp. nonpositive) sectional curvature. Then
(1) there is an almost Ka¨hler structure (ω˜, J˜(g), g˜) on the universal covering
(M˜2n, g˜) of (M2n, g), restricted to the open submanifold
◦
M˜2n ⊂ M˜2n, with-
out loss of generality we may assume that (ω˜, J˜(g), g˜) is Γ-invariant, where
M˜2n \
◦
M˜2n has Hausdorff dimension 2n− 1 with Lebesgue measure zero;
(2) there is a Lipschitz Ka¨hler structure (ω˜, J˜0, g˜0) on M˜
2n which is Γ-
homotopy equivalent to the almost Ka¨hler structure (ω˜, J˜(g), g˜) on M˜2n;
(3) if (M2n, g) has strictly negative sectional curvature, then ω˜ is d(bounded)
on M˜2n; if (M2n, g) has nonpositive sectional curvature, then ω˜ is d(sublinear)
on M˜2n.
Remark 2.9. By Theorem 2.8, similar to Theorem 2.7, we have Kodaira-
Hodge decomposition for 2n-dimensional closed Riemannian manifolds with
nonpositive (resp. strictly negative) sectional curvature. Since g˜ is Γ =
π1(M
2n) invariant, then so are ∗g˜, d∗ = − ∗g˜ d∗g˜ and ∆g˜ = d∗d + dd∗
on M˜2n. Thus ker∆g˜ is also Γ invariant, it implies that Γ-dimensions of
Hp(2)(M˜2n, g˜), 0 ≤ p ≤ 2n, are well defined. Since g˜ is Γ-invariant, by the
construction of (ω˜′, J˜ ′(g), g˜′), we may assume that (ω˜, J˜(g), g˜) is Γ-invariant
on
◦
M˜2n.
3. Vanishing of L2-Betti numbers of symplectically parabolic
manifolds
For non-elliptically Ka¨hler manifolds, we have a vanishing theorem due to
Gromov ([34], Ka¨hler hyperbolic case) and Hitchin ([37], Ka¨hler parabolic
case). Notice that the proof of the vanishing theorem is based on the iden-
tity [Lω˜,∆g˜] = 0 due to the hard Lefschetz condition of Ka¨hler manifolds.
But, in general, non-elliptically almost Ka¨hler manifold (M2n, ω, J, gJ ) is
not Ka¨hler. R. Hind and A. Tomassini [35] have the following result.
Example 3.1. By using methods of contact geometry, starting with a
contact manifold M having an exact symplectic filling, they constructed
d(bounded) complete almost Ka¨hler manifold Y satisfying H1(2)(Y ) 6= {0}.
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Notice that, in general, if (M2n, ω, J, gJ ) is a complete almost Ka¨hler
manifold of dimension 2n, then for any d-closed L2 (n−p)-form α, 0 < p ≤ n,
ωp ∧ α is an exact L2 (n + p)-form on M2n (cf. Hitchin [37, Theorem 1]).
But the Lefschetz maps
Lpω : H
n−p
(2) (M
2n, gJ)→ Hn+p(2) (M2n, gJ ), 0 < p ≤ n
may not be injective and surjective.
Suppose that a 2n-dimensional closed almost Ka¨hler manifold (M2n, ω, J,
gJ) is symplectically parabolic. Let π : (M˜
2n, ω˜, J˜ , g˜J ) → (M2n, ω, J, gJ )
be the universal covering of (M2n, ω, J, gJ ). Then ω˜ = π
∗ω, J˜ = π∗J,
g˜J = π
∗gJ are Γ = π1(M2n) invariant, and ω˜ = dβ, where fixed a point
x0 ∈ M˜2n, |β(x)|g˜J ≤ C(ρ˜1(x0, x) + 1), C is a positive constant, ρ˜1 is a
distance function defined by g˜J . Where ρ˜1 is the infimum of the lengths of
all piecewise smooth curves starting from x0 and ending at x with respect
to Riemannian metric g˜J (cf. [11, 23]). It is clear that the distance ρ˜1 is
Γ-invariant since g˜J is Γ-invariant. In order to prove Theorem 1.7, as done
in Ka¨hler case, we need making a suitable choice of the Lipschitz flat Ka¨hler
structure which is homotopy equivalent to (ω˜, J˜ , g˜J ) such that the Lefschetz
maps Lpω˜ : H
n−p
(2)
(M˜2n, g˜J ) → Hn+p(2) (M˜2n, g˜J ), 0 < p ≤ n are injective and
surjective.
As done in Section 2, construct a special open fundamental domain F ,
such that
M˜2n =
⋃
γ∈Γ
γF¯ ,
◦
M˜ 2n =
⋃
γ∈Γ
γF,
∂F is piecewise smooth of Hausdorff dimension 2n − 1. On
◦
M˜2n make a
deformation of ω˜-compatible almost complex structures J˜t such that J˜1 = J˜ ,
J˜0 is integrable on
◦
M˜2n. Define g˜(t) = ω˜(·, J˜(t)·), t ∈ [0, 1]. g˜(t), t ∈ (0, 1),
is the Γ-measurable almost Ka¨hler metric on M˜2n; t = 1, g˜(1) = g˜J is Γ-
smooth almost Ka¨hler metric; t = 0, g˜(0) is Γ-Lipschitz flat Ka¨hler metric
on M˜2n. By Theorem 2.7 we have Kodaira-Hodge decomposition:
L2Ωp(M˜2n)(t) = Hp(2)(M˜2n)(t)⊕ dL2Ωp−1(M˜2n)(t)⊕ d∗tL2Ωp+1(M˜2n)(t).
(3.1)
Consider underlying space (M2n, ω, J, gJ ), it is easy to see that π(F ) =⋃
1≤i≤N
Wi ⊂M2n be an open submanifold ofM2n whose boundary has Haus-
dorff dimension ≤ 2n− 1 with Lebesgue measure zero. Let
T1 = U1, Ti = Ui\
⋃
1≤j≤i−1
Uj , 2 ≤ i ≤ N,
then {Ti}1≤i≤N is a partition of M2n, that is,
M2n =
⋃
1≤i≤N
Ti, Ti1 ∩ Ti2 = ∅, i1 6= i2.
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Define
g(t) = π∗g˜(t)|F on π(F ), t ∈ [0, 1],
J(t) = π∗J˜(t)|F , t ∈ [0, 1].
Then (ω, J(t), g(t)) is an almost Ka¨hler structure on π(F ) ⊂M2n, t ∈ [0, 1].
Obviously, in some sense, (ω, J(t), g(t)) can be extended to M2n. For t ∈
(0, 1), (ω, J(t), g(t)) is a measurable almost Ka¨hler (Riemannian) metric (see
Drutu and Kapovich [23, p.34]) on M2n. t = 1, g(1) = gJ on M
2n which is
smooth; t = 0, g(0) is a Lipschitz flat Ka¨hler (Riemannian) metric on M2n
(see Teleman [58, Lipschitz Hodge theory] and Drutu-Kapovich [23, Chapter
1,2]), hence (M2n, ω, J(0), g(0)) is a piecewise flat Ka¨hler space (see Cheeger,
Mu¨ller and Schrader [16]). Notice that we may directly construct a family
of measurable almost Ka¨hler metrics (ω, J(t), g(t)), 0 ≤ t ≤ 1, on M2n such
that (ω, J(1), g(1))=(ω, J, gJ ) and (ω, J(0), g(0)) is a Lipschitz flat Ka¨hler
structure. More details see Li, Tan, Tang and Wang [40, Appendix A].
Therefore, by the definition of measurable almost Ka¨hler structure (ω,
J(t), g(t)), t ∈ [0, 1], onM2n, it is easy to see that (ω˜, J˜(t), g˜(t)) = π∗(ω, J(t),
g(t)), t ∈ [0, 1], can be regarded as Γ-invariant measurable almost Ka¨hler
metric on M˜2n; (ω˜, J˜(1), g˜(1)) = (ω˜, J˜ , g˜J) is a smooth Γ-invariant almost
Ka¨hler metric on M˜2n; (ω˜, J˜(0), g˜(0)) is a Γ-invariant Lipschitz flat Ka¨hler
metric on M˜2n.
As the construction above, for a closed almost Ka¨hler manifold (M2n, ω, J,
gJ), by Darboux’s coordinate charts, we get a Lipschitz flat Ka¨hler structure
(ω, J0, g0) on the closed manifold M
2n which is homotopic to almost Ka¨hler
structure (ω, J, gJ ). D. Sullivan [52] had pointed out that on any Lipschitz
manifold L2-forms, exterior derivative and currents may be defined; all these
objects are basic for the Hodge theory. In this construction, results due to
H. Whitney [62] are involved. We have the following theorem.
Theorem 3.2. (cf. N. Teleman [58, Theorem 4.1] or Li, Tan, Tang and
Wang [40, Appendix A]) Suppose that (M2n, ω, J0, gJ0) is a closed Lipschitz
flat Ka¨hler manifold of dimension 2n which is homotopic to the closed almost
Ka¨hler manifold (M2n, ω, J, gJ ). Then for any degree p
(1) there are the strong Kodaira-Hodge decomposition:
L2Ωp(M2n)(gJ ) =Hp(M2n)(gJ )⊕ dL2Ωp−1(M2n)(gJ )
⊕ d∗gJL2Ωp+1(M2n)(gJ ),
L2Ωp(M2n)(gJ0) =Hp(M2n)(gJ0)⊕ dL2Ωp−1(M2n)(gJ0)
⊕ d∗gJ0L2Ωp+1(M2n)(gJ0);
(2) the Hodge homomorphisms
χp(gJ ) : Hp(M2n)(gJ )→ Hp(M2n,C),
α→ [α],
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χp(gJ0) : Hp(M2n)(gJ0)→ Hp(M2n,C),
α→ [α],
are isomorphisms;
(3)
∗gJ : Hp(M2n)(gJ )→H2n−p(M2n)(gJ ),
∗gJ0 : Hp(M2n)(gJ0)→H2n−p(M2n)(gJ0)
are isomorphisms.
Notice that Hilbert Γ-cochain complexes
0→ L2lΩ0(M˜2n)(t) d−→ L2l−1Ω1(M˜2n)(t) d−→ · · ·
d−→ L2l−2nΩ2n(M˜2n)(t)→ 0, t ∈ [0, 1]. (3.2)
are Γ-homotopy equivalent. Since L2-Betti numbers are Γ-equivariant ho-
motopy invariants (cf. [8, 15, 24]), we have
bp
(2)
(M˜2n)(1) = bp
(2)
(M˜2n)(0), 0 ≤ p ≤ 2n. (3.3)
By Atiyah’s Γ-index theorem (cf. [1], also see Theorem 2.2), we have
χ(M2n, gJ ) = χ(2)(M˜
2n, g˜(1)) = χ(2)(M˜
2n, g˜(0)) = χ(M2n, gJ0), (3.4)
where
χ(M2n, gJ) =
2n∑
p=0
(−1)p dimHp(M2n, gJ), (3.5)
Hp(M2n, gJ) = {α ∈ L2Ωp(M2n)(gJ ) : dα = 0, d∗gJ α = 0}, 0 ≤ p ≤ 2n;
(3.6)
χ(M2n, gJ0) =
2n∑
p=0
(−1)p dimHp(M2n, gJ0), (3.7)
Hp(M2n, gJ0) = {α ∈ L2Ωp(M2n)(gJ0) : dα = 0, d∗gJ0 α = 0}, 0 ≤ p ≤ 2n.
(3.8)
Remark 3.3. (1) D. Sullivan [51] discovered that any topological manifold
of dimension n 6= 4 admits a unique Lipschitz structure up to homeomor-
phisms close to the identity. S. K. Donaldson and D. Sullivan [27] proved a
result as follows:
There are topological 4-manifolds which do not admit any Lipschitz struc-
ture.
(2) N. Teleman [58] showed that the index of signature operators (that
are Dirac operators d+ d∗ if underlying manifolds are of dimension 4m) on
Lipschitz manifolds are topological invariants.
(3) Suppose that (M2n, g) is a 2n-dimensional closed Riemannian mani-
fold with nonpositive (resp. strictly negative) sectional curvature. Then for
the universal covering M˜2n of M2n, there exists an almost Ka¨hler structure
(ω˜, J˜(g), g˜) on M˜2n, where g˜ is Γ = π1(M
2n) invariant, and ω˜ is d(sublinear)
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(resp. d(bounded)). As done in the before, by Theorem 2.8 and Remark
2.9, formulae (3.3)-(3.8) hold too.
By our construction, (M˜2n, ω˜, J˜(0), g˜(0)) is a Γ-Lipschitz flat Ka¨hler man-
ifold. One can define Lefschetz maps (cf. [31, 63])
Lω˜ : α ∈ Ωp(M˜2n)→ ω˜ ∧ α ∈ Ωp+2(M˜2n).
It is not hard to see that
[Lω˜,∆0] = 0, (3.9)
where
∆0 = dd
∗0 + d∗0d : L2Ωp(M˜2n)(0)→ L2Ωp(M˜2n)(0), 0 ≤ p ≤ 2n,
in the distributional sense. By(3.9), we have the following proposition.
Proposition 3.4. Suppose (M˜2n, ω˜, J˜(0), g˜(0)) is a Γ-Lipschitz flat Ka¨hler
manifold. Then
Lkω˜ : Hn−k(2) (M˜2n)(0)→Hn+k(2) (M˜2n)(0), 0 ≤ k ≤ n,
is an isomorphism.
Proof. This proposition is a direct consequence of the following lemma. 
Lemma 3.5. (Lefschetz, see [34, 1.2.A′ Lemma] or [31]) The maps
Lkω˜ : Hp(2)(M˜2n)(0)→Hp+2k(2) (M˜2n)(0)
are injective on harmonic forms for 2p+2k ≤ 2n and surjective for 2p+2k ≥
2n.
Remark 3.6. This property is called hard Lefschetz condition (cf. [31]). In
fact, bp(2)(M˜
2n)(0) = b2n−p(2) (M˜
2n)(0) < ∞ (see [34, 41, 46]). Since Lipschitz
Ka¨hler structure is of hard Lefschetz condition, it is natural to ask the
following question:
For any aspherical manifold of even dimension, does there exist a Lipschitz
Ka¨hler structure?
As done in Ka¨hler case, we have the following vanishing theorem.
Theorem 3.7. (cf. Hitchin [37, Theorem 1,2], or Tan-Wang-Zhou [54],
Gromov [34]) Suppose that (M2n, ω, J, gJ ) is a closed symplectically para-
bolic manifold of dimension 2n and (M˜2n, ω˜, J˜ , g˜J ) is its universal cover-
ing. Let (M˜2n, ω˜, J˜(t), g˜(t)) be the deformation constructed in Section 2,
where (M˜2n, ω˜, J˜(1), g˜(1)) = (M˜2n, ω˜, J˜ , g˜J ) is Γ-almost Ka¨hler manifold
and (M˜2n, ω˜, J˜(0), g˜(0)) is Γ-Lipschitz flat Ka¨hler manifold. Then for p 6= n
bp(2)(M˜
2n)(1) = bp(2)(M˜
2n)(0) = 0.
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Proof. Since (M2n, ω) is symplectically parabolic, then ω˜ = dβ. Fixed x0 ∈
M˜2n, |β(x)|g˜J ≤ C(ρ˜1(x0, x)+1), where ρ˜1 is a distance function defined by
g˜J and C is a positive constant.
Let BK be the ball in M˜
2n with center x0 and radius K. Take a smooth
function aK : M˜
2n → R+ (defined in Section 2) with
0 ≤ aK(x) ≤ 1,
aK(x) = 1, for x ∈ BK ,
aK(x) = 0, for x ∈ M˜2n\B2K ,
|daK |g˜(1) ≤
√
aK
K
.
Recall that ω˜ = dβ and |β(x)|g˜J ≤ C(ρ˜1(x0, x) + 1). For every η ∈
Hp
(2)
(M˜2n)(0), 0 ≤ p ≤ n− 1, then
η ∈ C∞(Ωp| ◦
M˜2n
) ∩ C0(∧pT ∗M˜2n) ∩ L2Ωp(M˜2n)(1).
Notice that L2kΩ
p(M˜2n)(1) is equivalent to L2kΩ
p(M˜2n)(t) (that is, they are
quasi-isometry), ∀t ∈ [0, 1], 0 ≤ p ≤ 2n. d(aKβ ∧ η) has compact support.
So d(aKβ ∧ η) ∈ L2Ωp+2(M˜2n)(1). We want to show that as K →∞, these
forms converge in L2 to ω˜ ∧ η. Consider
d(aKβ ∧ η) = daK ∧ β ∧ η + aK ω˜ ∧ η. (3.10)
As aK = 1 on BK , aK ω˜ ∧ η converges pointwise to ω˜ ∧ η. Moreover,
|ω˜|g˜(1) = Constant since ∇1(1)ω˜ = 0, where ∇1(1) is the second canoni-
cal connection with respect to the Γ-metric g˜(1) and η ∈ L2Ωp(M˜2n)(1), so
ω˜ ∧ η ∈ L2Ωp+2(M˜2n)(1). Hence aK ω˜ ∧ η → ω˜ ∧ η in L2Ωp+2(M˜2n)(1) as
K →∞.
Now daK vanishes on BK and outside B2K , |daK |g˜(1) ≤
√
aK
K
, and
|β(x)|g˜J ≤ C(ρ˜1(x0, x) + 1). Thus∫
M˜2n
|daK ∧ β ∧ η|2g˜(1)
ω˜n
n!
≤ Const.
∫
B2K\BK
|η|2g˜(1)
ω˜n
n!
≤ Const.
∫
M˜2n\BK
|η|2g˜(1)
ω˜n
n!
. (3.11)
This converges to zero as K → ∞. We thus have convergence of both
terms on the right-hand side of (3.10) and consequently d(aKβ ∧ η) con-
verges in L2 to ω˜ ∧ η. Hence ω˜ ∧ η lies in the closure of dL2Ωp+1(M˜2n)(1) ∩
L2Ωp+2(M˜2n)(1), and its L2-cohomology class vanishes since [Lω˜,∆0] = 0
on M˜2n. By Lemma 3.5, 0 ≤ p ≤ n − 1, it implies η = 0. By (3.3) and
Remark 3.6, therefore, bp(2)(M˜
2n)(1) = bp(2)(M˜
2n)(0) = 0 for p 6= n. This
completes the proof of Theorem 3.7. 
Remark 3.8. Suppose that (M2n, ω, J, gJ ) is symplectically hyperbolic, we
still have bp(2)(M˜
2n)(1) = 0 for p 6= n.
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By Theorem 3.7 and Atiyah’s Γ-index theorem (cf. [1], also see Theorem
2.2), we obtain the following result.
Theorem 3.9. Suppose that (M2n, ω, J, gJ ) is symplectically parabolic. Then
bp(2)(M˜
2n)(1) = bp(2)(M˜
2n)(0) = 0, p 6= n,
(−1)nχ(M2n) = (−1)nχ(2)(M˜2n) ≥ 0.
The above theorem 3.9 gives the second part of Theorem 1.7.
4. Symplectically hyperbolic manifolds
In this section, we will study a non-vanishing theorem for L2-cohomology.
Suppose that (M2n, ω, J, gJ ) is symplectically hyperbolic. Let
π : (M˜2n, ω˜, J˜ , g˜J)→ (M2n, ω, J, gJ )
be the universal covering of (M2n, ω, J, gJ ). As done in Section 2 and 3,
construct a family ω˜-compatible almost complex structures J˜(t), t ∈ [0, 1],
on
◦
M˜2n such that J˜(1) = J˜ and J˜(0) is integrable. Set g˜(t) = ω˜(·, J˜(t)·), t ∈
[0, 1]. Thus, we construct a family of measurable almost Ka¨hler structures
on M˜2n. If t = 1, (ω˜, J˜(1) = J˜ , g˜(1) = g˜J ) is smooth Γ = π1(M
2n)-almost
Ka¨hler structure on M˜2n; if t = 0, (ω˜, J˜(0), g˜(0)) is a Lipschitz flat Ka¨hler
structure on M˜2n. Since (M2n, ω) is symplectically hyperbolic, then ω˜ = dβ
is d(bounded), that is, |β|g˜(t) < C, where C is a constant on M˜2n.
Proposition 4.1. (cf. Gromov [34, 1.4.A Theorem], or Pansu [45]) Suppose
that π : (M˜2n, ω˜, J˜ , g˜J ) → (M2n, ω, J, gJ ) be the Riemannian covering of
(M2n, ω, J, gJ ) with deck transformation group Γ = π1(M
2n), ω˜ = dβ, β is
a bounded 1-form on M˜2n. For p 6= n, Laplacian ∆0 on L2Ωp(M˜2n)(0) is
invertible. In particular, Hp(2)(M˜2n)(0) = 0.
Proof. Let α be a p-form, p 6= n. We prove that 〈α,α〉g˜(0) ≤ C〈∆0α,α〉g˜(0).
Eventually replacing α by ∗g˜(0)α, we can assume that p < n. Since d∗0 = −∗0
d∗0 is a formal adjoint operator of d with respect to g˜(0) in the distributional
sense, ∆0 = dd
∗0 + d∗0d is essentially self adjoint elliptic operator on M˜2n.
We use equality
〈dα, dα〉g˜(0) + 〈d∗0α, d∗0α〉g˜(0) = 〈∆0α,α〉g˜(0), (4.1)
and the fact that wedging with ω˜ in degrees < n is an isomorphic injection
(see Lemma 3.5). Write
〈α,α〉g˜(0) =〈α ∧ ω˜, α ∧ ω˜〉g˜(0) = 〈α ∧ ω˜, α ∧ dβ〉g˜(0)
=〈α ∧ ω˜, d(α ∧ β)〉g˜(0) ± 〈α ∧ ω˜, dα ∧ β〉g˜(0)
=〈d∗0(α ∧ ω˜), α ∧ β〉g˜(0) ± 〈α ∧ ω˜, dα ∧ β〉g˜(0)
≤C
√
〈α,α〉g˜(0)
(√
〈d∗0(α ∧ ω˜), d∗0(α ∧ ω˜)〉g˜(0) +
√
〈dα, dα〉g˜(0)
)
.
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Since by (4.1),
〈dα, dα〉g˜(0) ≤ 〈∆0α,α〉g˜(0) (4.2)
and
〈d∗0(α ∧ ω˜), d∗0(α ∧ ω˜)〉g˜(0) ≤ 〈∆0(α ∧ ω˜), α ∧ ω˜〉g˜(0)
= 〈∆0α ∧ ω˜, α ∧ ω˜〉g˜(0)
= 〈∆0α,α〉g˜(0), (4.3)
here we use the following identities:
[Lω˜,∆0] = 0, ∆0ω˜ = 0.
We get
〈α,α〉g˜(0) ≤ C〈∆0α,α〉g˜(0). (4.4)
This implies that ∆0 is invertible on L
2Ωp(M˜2n)(0), p 6= n. We complete
the proof of Proposition 4.1. 
Remark 4.2. (1) On
◦
M˜2n, we define the second canonical connection ∇1t
with respect to the metric g˜(t), t ∈ [0, 1]. ∇1t J˜(t) = 0 = ∇1t g˜(t), it implies
that ∇1t ω˜ = 0, ∀t ∈ [0, 1]. Hence ∇1t (ω˜, ω˜)g˜(t) = 0, (ω˜, ω˜)g˜(t) = c(t) de-
pending only on t ∈ [0, 1]. We assume that without loss of generality that
(ω˜, ω˜)g˜(0) = 1 on
◦
M˜2n.
(2) The inequality (4.4) is equivalent to
〈(d+ d∗0)α, (d + d∗0)α〉g˜(0) ≥ λ0〈α,α〉g˜(0),
where ∀α ∈ L2Ωp(M˜2n)(0), p 6= n and λ0 > 0.
Since ω˜ = dβ, β is a bounded 1-form on M˜2n, we may assume that
ω˜ is Chern class of a trivial complex line bundle L˜ over M˜2n, or ω˜ can be
regarded as the curvature of the connection d+
√−1β on L˜ ∼= M˜2n×C. S. K.
Donaldson gave an approach [26, p.667]: for a general symplectic manifold
(M,ω) is to choose a compatible almost complex structure J onM , and then
to extend familiar results about positive line bundles suitably formulated to
the almost complex case. Hence, we can assume that de Rham cohomology
class [ ω2pi ] ∈ H2(M,R) lies in the integral lattice H2(M,Z)/Torsion.
Let
E , ⊕
p=even
∧p T ∗M˜2n,
Dirac operator D = d+ d∗0 , and
E′ , ⊕
p=odd
∧p T ∗M˜2n.
Consider the perturbation D ⊗∇ of D
D ⊗∇ : E ⊗ L˜→ E′ ⊗ L˜. (4.5)
Since L˜ is trivial and β is bounded, formally we define ∇(k) = d+ 1
k
√−1β,
k ∈ Z.
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Definition 4.3. Let Gk be the subgroup of Diff(M˜
2n⊗C) formed by maps g
which are linear unitary on fibres, preserve connection ∇(k) and an element
of Γ = π1(M
2n).
For details, see M. Gromov [34, Chapter 2], also see P. Pansu [45]. No-
tice that locally compact Lie group Gk is unimodular [23, p.59]. By the
construction we have an exact sequence
1→ U(1)→ Gk → Γ→ 1. (4.6)
The exact sequence (4.6) is called a central co-extension of Γ by U(1) [23,
p.86]. Since sections of the line bundle M˜2n ⊗ C → M˜2n can be viewed as
U(1) equivariant functions on M˜2n ⊗ U(1), the operator D ⊗ ∇(k) can be
viewed as a Gk invariant operator on the Hilbert spaceH of U(1) equivariant
basic L2-differential forms on M˜2n ⊗ C.
One can define a projective von Neumann dimension for Gk-invariant
subspace in a projective representative, and state Gk-index theorem (that
is a local index theorem which gives the “index per unit volume” of the
Dirac operator in the question) (cf. [5, 41, 45]). The following theorem is a
particular case of L2 index theorem for G invariant operator where G is a
unimodular Lie group (with countably many components) acting properly
and free on M˜2n with a compact quotient. Although they do not state
theorem in this generality, A. Connes and H. Moscovici [21, 5.2 Theorem]
provide all the necessary ingredients.
Theorem 4.4. (cf. Gromov [34, 2.3.A Theorem]) The operator D ⊗ ∇(k)
has a finite projective L2-index given by
L2indexGk(D⊗∇(k)) =
∫
pi(F )
LM2n∪exp
1
2kπ
[ω] =
∫
M2n
LM2n∪exp
1
2kπ
[ω],
where [ω] is an equivalence class of symplectic form ω, LM2n is Hirzebruch
class (cf. [36]), LM2n = 1 + · · · + e(M2n), and e(M2n) is Euler class of
M2n.
Remark 4.5. In fact, N. Teleman [59, Theorem 1.1, Theorem 6.3] extended
the Hirzebruch-Atiyah-Singer signature theorem and the index theorem for
the abstract elliptic operators on topological manifolds. He showed that
the Hirzebruch-Atiyah-Singer signature theorem and the index theorem for
the abstract elliptic operators with value in continuous vector bundles over
topological manifolds can be expressed in topological terms by the same
formula as in the smooth case.
The proof of Theorem 4.4 follows from the heat equation method of M.
Atiyah, R. Bott and V. Patodi [2]. For details, see [5, 45]. In Theorem 4.4,
the index is a polynomial in 1
k
whose highest degree form is
∫
M2n
(
ω
2pi
)n 6= 0,
thus for 1
k
small enough, D ⊗ ∇(k) has a non zero L2-kernel. Therefore,
D ⊗ ∇(k) is not invertible. By construction, D ⊗ ∇(k) is a 1
k
-small pertur-
bation of D = d + d∗0 : E → E′, so by Lemma 4.6 below d + d∗0 is not
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invertible too. Hence D = d + d∗0 has a non zero L2-kernel. On the other
hand, by Proposition 4.1 it implies that Hp(2)(M˜2n)(0) = 0 for p 6= n, thus
Hn(2)(M˜2n)(0) 6= 0, hence Hn(2)(M˜2n)(1) 6= 0 due to (3.3).
Lemma 4.6. (cf. Gromov [34, §2.4]) The operator D ⊗∇(k) will converge
to d+ d∗0 as k →∞.
Corollary 4.7. Let π : (M˜2n, ω˜, J˜ , g˜J )→ (M2n, ω, J, gJ ) be the Riemannian
covering of (M2n, ω, J, gJ ). Assume that (M
2n, ω, J, gJ ) is symplectically
hyperbolic. Then M˜2n admits non zero L2 (d, d∗)-harmonic n-forms.
In terms of Proposition 4.1 (or Remark 3.8) and Corollary 4.7, by Atiyah’s
Γ-index theorem, we have
Theorem 4.8. Let (M2n, ω, J, gJ ) be a closed symplectically hyperbolic man-
ifold, then
(−1)nχ(M2n) = (−1)nχ(2)(M˜2n) > 0.
Therefore, by Theorem 3.9 and Theorem 4.8, we obtain our main result
Theorem 1.7.
Remark 4.9. As done in almost Ka¨hler case, by Theorem 2.8, Remark
2.9 and Remark 3.3, for 2n-dimensional closed Riemannian manifolds with
nonpositive sectional curvature (resp. strictly negative sectional curvature),
there is also a vanishing theorem (resp. a non-vanishing theorem) for L2-
cohomology (see Theorem 3.7 and Corollary 4.7). Therefore, Theorem 1.9
is regarded as a direct consequence of Theorem 1.7.
If (M2n, g) is a 2n-dimensional closed Riemannian manifold with non-
positive sectional curvature, then there exists an almost Ka¨hler structure
(ω˜, J˜(g), g˜) on the universal covering M˜2n of M˜2n, where g˜ = π∗g and ω˜
is d(sublinear) symplectic form on M˜2n. It is similar to Theorem 3.7 and
Remark 3.8, we have the vanishing theorem for L2 harmonic p-forms (p 6= n).
If (M2n, g) is a 2n-dimensional closed Riemannian manifold with strictly
negative sectional curvature, then there exists an almost Ka¨hler structure
(ω˜, J˜(g), g˜) on the universal covering M˜2n of M2n, where g˜ = π∗g and ω˜
is d(bounded) symplectic form. It is similar to Theorem 4.4, for operator
D ⊗∇(k), the local Gk-index theorem is expressed as follows:
L2indexGk(D ⊗∇(k)) =
∫
pi(F )
LM2n ∪ exp
1
2kπ
[π∗ω˜|F ]
=
∫
M2n
LM2n ∪ exp
1
2kπ
[π∗ω˜|F ].
The above index is a polynomial in 1
k
whose highest degree form is∫
M2n
(
π∗ω˜|F
2π
)n =
∫
M2n
n!
(2π)n
dvolg 6= 0,
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where π∗ω˜|F is a symplectic form on π(F ), it can be extended toM2n which
is a d-closed 2-form in the sense of distributions and [π∗ω˜|F ] denotes an
equivalence class of π∗ω˜|F . Here M2n\π(F ) has Lebesgue measure zero.
Therefore, we get a non-vanishing theorem for L2 harmonic n-forms.
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